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1. Introduction
Kinetic Ising models have been studied for nearly half a century, and have helped in
addressing various fundamental issues in non-equilibrium physics. In spite of their
simplicity, they have led to our understanding in various aspects, ranging from the
relaxation mechanisms for equilibration to the collective behaviour in non-equilibrium
systems. Unfortunately, even these simple models could only be solved exactly in very
few cases, and one such case is the celebrated Glauber-Ising model [1].
The Glauber-Ising model is driven by spin-flip transitions and shows critical
slowing-down near zero temperature with a dynamic exponent z = 2 in one
dimension. Variational techniques and renormalisation-group methods suggest that
spin-flip dynamics leads to z = 2, provided the energy-conserving flips are not excluded
at any temperature [2, 3]. Kimball [4], and Deker and Haake [2] (KDH) studied a
different kinetic Ising model, also driven by spin-flip transitions, but with rates which
differ from those of the Glauber-Ising model, and find that z = 4 near zero temperature.
Haake and Thol [5] further found a continuous set of single-spin-flip Ising models near
zero temperature with z ranging from 2 to 4.§ These models with z 6= 2 received a
considerable amount of attention in the past, see e.g. [8] for reviews.
‡ Laboratoire associe´ au CNRS UMR7198
§ Their exact results are easily reproduced by heuristic arguments about the movement of domain
walls [6] and have been extended to q-state Potts models [7].
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The equations of motion for total spin and three-spin in the KDH-Ising model are
known to form a closed set of linear equations, and hence the global magnetisation could
be evaluated exactly [4, 2]. Since solvability for KDH dynamics is quite restricted, it has
not been explored to the same extent as the Glauber-Ising model. Recently, two-time
correlators and responses have been evaluated in the Glauber-Ising model to study its
ageing properties [9, 10, 11] after a quench to temperature T = 0. It has been shown that
the two-time space-time-dependent spin-spin correlator, C(t, s; r, r′) = 〈σr(t)σr′(s)〉, and
the (linear) response function, R(t, s; r, r′) = δ〈σr(t)〉
δhr′(s)
∣∣∣
h=0
, satisfy the scaling forms, if s
and t− s > 0 are sufficiently large (see e.g. [12] for a review)
C(t, s; r, r′) = s−bFC
(
r − r′
(t− s)1/z ,
t
s
)
, R(t, s; r, r′) = s−a−1FR
(
r − r′
(t− s)1/z ,
t
s
)
, (1)
where a, b are ageing exponents, z is the dynamical exponent. Here spatial translation-
invariance has been admitted. For y = t/s ≫ 1, one further expects FC,R(0, y) ∼
y−λC,R/z, where λC,R are the autocorrelation and autoresponse exponent, respectively.
On the other hand, for correlations and responses with respect to the initial state one
expects, for sufficiently large times t (see e.g. [12])
C(t, 0; r, r′) = t−λC/zΦC
(
r − r′
t1/z
)
, R(t, 0; r, r′) = t−λR/zΦR
(
r − r′
t1/z
)
(2)
Can one find similar non-equilibrium scaling forms in the KDH-Ising model ? And if
so, what are the values of the exponents ?
The layout of the paper is as follows. In the next section we define the model and
derive the equations of motion for one- and two-point functions for spin and three-spin
variables. In section 3, we derive exactly the susceptibilities and fluctuations of the
global magnetisation and the global three-spin, and also discuss a dual description of
the model as a reaction-diffusion process. We conclude in section 4. In an appendix,
details of the derivation of the equation of motion for global two-point correlators are
presented.
2. Kinetic Ising chains
In this section, we define kinetic Ising models which evolve under single spin-flip
dynamics, and explicitly find the equations of motion for expectation values and
correlation functions for spin and three-spin observables.
2.1. KDH dynamics
We consider a kinetic Ising model on a chain Λ with energy
H[σ] = −J
∑
n∈Λ
σnσn+1 −
∑
n
hnσn, J > 0, (3)
where a spin configuration is denoted by σ := {· · · , σn−1, σn, σn+1. · · ·}, and σn = ±1
is the Ising spin variable at lattice site n. The chain Λ ⊂ Z has L sites and we shall
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take the thermodynamic limit L → ∞ throughout. The system is assumed to be in
contact with a heat-bath that induces only local spin-flip transitions, in other words,
only single spins are flipped such that the transition rates depend just on the flipped
spin σn and its nearest neighbours σn±1. A configuration σ, where the sign of the spin
at site n is flipped is denoted by Fnσ := {· · · , σn−1,−σn, σn+1. · · ·}. We are interested
in the following transition rates, whose form depends on the parameters γ, δ
W (Fnσ|σ) = α
(
1− γ
2
σn (σn−1 + σn+1) + δσn−1σn+1
)
− α tanh(βhn)
(
σn − γ
2
(σn−1 + σn+1) + δσn−1σnσn+1
)
, (4)
where β is the inverse temperature and α is a normalisation constant. For vanishing
fields hn = 0, these are the most general local transition rates σ 7→ Fnσ which are
left-right (parity)-symmetric and also invariant under reversal under all spins [1]. The
condition of detailed balance implies that
γ = (1 + δ) tanh(2βJ). (5)
The field-dependent terms are the most simple ones which are also compatible with
detailed balance (for example, they are used in [1, 11], while in [9] a slight variant is
studied). In what follows, we shall essentially restrict ourselves to the case γ = 2δ which
we shall call KDH dynamics. Explicitly, when combined with (5), the value of
δ =
γ
2
=
tanh 2βJ
2− tanh 2βJ , (6)
and hence δ → 1 when the temperature T = β−1 → 0. As we shall see, this
choice produces a closed set of dynamical equations for some global observables. This
observation goes back to Kimball [4], and Deker and Haake [2]. The case with δ = 0 in
equation (4) is the usual Glauber dynamics [1].
The master equation with only single spin-flip transitions is given by
∂
∂t
P (σ, t) = −
∑
n
[W (Fnσ|σ)P (σ, t)−W (σ|Fnσ)P (Fnσ, t)] , (7)
and, following Glauber [1], can be rewritten as
∂
∂t
P (σ, t) = −
∑
n
σn
∑
σ′n=±1
σ′n [W (Fnσ|σ)P (σ, t)]σn→σ′n . (8)
Hence the dynamical equation for the N -point function is given by
∂
∂t
〈σn1 · · ·σnN 〉t = −2
〈
σn1 · · ·σnN
N∑
i=1
W (Fniσ|σ)
〉
t
, (9)
where n1, · · · , nN are N non-coinciding sites, and 〈· · ·〉t :=
∑
σ · · ·P (σ, t).
Similarly, we can obtain equations of motion for two-time quantities from the
conditional probability measure P (σ, t|σ˜, s) for a configuration to be σ at time t
conditioned to the configuration σ˜ at an earlier time s. The two-time correlation function
of X := σn1 · · ·σnN and Y := σn1 · · ·σnM for t > s is defined as
〈X(t)Y (s)〉 :=
∑
σ,eσ
XY˜ P (σ, t|σ˜, s) (10)
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where Y˜ := σ˜n1 · · · σ˜nM . The dynamic equation for P (σ, t|σ˜, s) is similar to equation (8)
with P (σ, t) replaced by P (σ, t|σ˜, s), and hence the equation of motion for two-time
correlation functions is similar to equation (9).
2.2. Equations of motion
Using equations (4) and (9), and re-scaling time such that α = 1/2, we get the following
equation of motion for the expectation value of the spin:
∂
∂t
〈σn〉 = − 〈σn〉+ γ
2
〈σn−1 + σn+1〉 − δ〈qn〉
+ βhn
(
1− γ
2
〈σn (σn−1 + σn+1)〉+ δ〈σnqn〉
)
, (11)
to linear order in the field hn, where the three-spin variable qn is defined as
qn := σn−1σnσn+1 (12)
Similarly, the equation of motion for the average three-spin 〈qn〉 is
∂
∂t
〈qn〉 = − 3〈qn〉+ γ〈σn−1 + σn+1〉 − δ〈σn〉+ δ 〈An〉
+ β
∑
m=0,±1
hn+m
〈
qn
(
σn+m − γ
2
(σn+m−1 + σn+m+1) + δqn+m
)〉
, (13)
again to linear order in hn, and where
An :=
[ γ
2δ
σn−2σnσn+1 − σn−1σn+1σn+2
]
+
[ γ
2δ
σn−1σnσn+2 − σn−2σn−1σn+1
]
. (14)
In the absence of magnetic field hn, and under the assumption of translation invariance
of the 3-point functions, 〈An〉 = 0 if γ = 2δ. Then (11) and (13) form a closed set of
linear equations [4, 2].
We now write down the equations for equal-time correlation functions when hn = 0.
The evolution of spin-spin correlation function 〈σnσm〉 for n 6= m, obtained from
equations (4) and (9), is governed by
∂
∂t
〈σmσn〉 = − 2〈σmσn〉+ γ
2
〈σm(σn−1 + σn+1) + σn(σm−1 + σm+1)〉
− δ〈σmqn + σnqm〉. (15)
The correlation function 〈qnσm〉, for |m− n| > 1, satisfies the dynamic equation,
∂
∂t
〈σmqn〉 = − 4〈σmqn〉+ γ
2
〈2σm(σn−1 + σn+1) + qn(σm−1 + σm+1)〉
− δ〈σmσn + qmqn〉+ δ〈σmAn〉, (16)
where An is given in equation (14). The dynamics of the auto-correlations 〈σnqn〉 =
〈σn−1σn+1〉 and that of the nearest-neighbour correlations 〈σn±1qn〉 = 〈σnσn∓1〉 are
determined from equation (15). We further obtain the equation of motion for the
correlation function 〈qnqm〉, for |n−m| > 2, to be
∂
∂t
〈qmqn〉 = − 6〈qmqn〉+ γ〈qm(σn−1 + σn+1) + qn(σm−1 + σm+1)〉
− δ〈qmσn + qnσm〉+ δ〈qmAn + qnAm〉. (17)
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The dynamics of the nearest-neighbour correlations 〈qnqn+1〉 = 〈σn−1σn+2〉 is given by
equation (15), while that of the next-nearest one, 〈qn−1qn+1〉 = 〈σn−2σn−1σn+1σn+2〉, can
be obtained from equations (4) and (9), and is given by
∂
∂t
〈qn−1qn+1〉 = − 4〈qn−1qn+1〉+ γ〈σn+1σn+2+σn−2σn−1〉+ 2δ〈σn−2σn+2〉
− δ〈σn−1qn+1+qn−1σn+1〉+ δ〈qn−1An+1+qn+1An−1〉. (18)
Since An appears in the equations (13,15,16,17,18), these equations are in general not
closed and are therefore unsolvable.
3. Global observables
We now derive exact results for the behaviour of global magnetisation, response and
correlation functions under KDH dynamics, when γ = 2δ is chosen.
3.1. Magnetisation
The global average of spin, M(t), and that of three-spin, T (t), are defined as
M(t) :=
1
L
∑
n
〈σn〉t , T (t) := 1
L
∑
n
〈qn〉t, (19)
where L is the number of lattice sites. The equations of motion for these observables
follow from equations (11,13) and read for hn = 0
d
dt
(
M(t)
T (t)
)
=
(
2δ − 1 −δ
3δ −3
)(
M(t)
T (t)
)
. (20)
Hence the global magnetisation M(t) and the global three-spin average T (t) are
M(t) =
1
2∆
(
(α+M(0)− δT (0)) e−λ−t − (α−M(0)− δT (0)) e−λ+t
)
, (21)
T (t) =
1
2∆δ
(
α− (α+M(0)− δT (0)) e−λ−t − α+ (α−M(0)− δT (0)) e−λ+t
)
,
where
λ± = 2− δ ±∆ , ∆ = (1 + 2δ − 2δ2)1/2 , α± = 1 + δ ±∆. (22)
In contrast to Glauber dynamics [1], the magnetisation can exhibit a non-monotonous
behaviour due to the presence of two time-scales, see figure 1. It has a monotonous decay
when the initial conditions are such that α−δ
−1 ≤ T (0)/M(0) ≤ α+δ−1. Otherwise,
the global magnetisation first increases or decreases rapidly until a time t∗ and then
decays more slowly with the finite time constant λ−. Thus there is an initial increase
in correlations with time before they begin to decay. We also see from figure 1b that in
the zero-temperature limit (δ → 1) the stationary value M(∞) no longer equals M(0)
in general, in contrast to the case of Glauber dynamics. The crossover time is given by
t∗ =
1
2∆
ln
[
(α−M(0)− δT (0))λ+
(α+M(0)− δT (0))λ−
]
, (23)
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Figure 1. Time-dependence of the global magnetisation M(t) in the 1D Ising model
with KDH dynamics for the initial values T (0)/M(0) = [0.50, 0.80, 0.90, 0.95, 0.99, 1.05]
from top to bottom and for (a) δ = 0.90476 . . . and (b) δ = 1. The thick grey lines give
the time-dependent global magnetisation of the Glauber-Ising model with the same
values of βJ .
and depends on the ratio M(0)/T (0) and the temperature. This time-scale diverges
either with fine-tuned initial conditions, α+M(0) − δT (0) ≈ 0, or by approaching low
temperatures where δ ≈ 1.
Now the equilibrium correlation-length ξ at low temperatures behaves as
ξ−1 = − ln tanh(βJ) ≈ 2e−2βJ + 2
3
e−6βJ . (24)
Using the equation (24) and the relation (5) for γ = 2δ, we get
δ ≈ 1− ξ−2 + 11
12
ξ−4. (25)
In this limit, for generic initial conditions which give rise to non-monotonous behaviour,
the time-scale t∗ ≈ 2 ln ξ diverges logarithmically. Hence at low temperatures, the
correlations gradually increase for a long transient time t∗. After the crossover, for
t≫ t∗ the relevant time-scale is the relaxation time associated with λ− and is given by
τ− = λ
−1
− ≈
2
3
ξ4, (26)
and the dynamical exponent is [2]
z = 4. (27)
The reason for this exceptional value of the dynamical exponent is more transparent in
a dual description, see below.
Finally, we observe that if we choose γ = −2δ, then the staggered quantities
Ms(t) :=
1
L
∑
n
〈(−1)nσn〉t , Ts(t) := 1
L
∑
n
(−1)n〈qn〉t (28)
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process rate dual process
↑↓↑−→↑↑↑ α(1 + γ + δ) AA −→ ∅∅
↑↑↑−→↑↓↑ α(1− γ + δ) ∅∅ −→ AA
↑↑↓−→↑↓↓ α(1− δ) ∅A −→ A∅
↑↓↓−→↑↑↓ α(1− δ) A∅ −→ ∅A
Table 1. Elementary spin-flip processes and their rates along with the dual
description.
satisfy the same system (20) of equations of motion as those followed by the pair
(M(t), T (t)) in the case of KDH dynamics with γ = +2δ. Therefore, the conclusions
reached for the ferromagnetic KDH model can be carried over to its anti-ferromagnetic
analogue.
3.2. Dual description: reaction-diffusion processes
The nature of the relaxation dynamics along KDH line near zero temperature is more
revealing in the particle-picture [13] of the Ising chain. In this dual description a particle
(A) is associated with a kink (either ↑↓ or ↓↑) and a vacancy (∅) is associated with its
absence (either ↑↑ or ↓↓). Thus the spin-flip transitions are identified with the reaction-
diffusion processes of the particles as shown in table 1. A global reversal of the spins
leaves the corresponding particle configuration unchanged, and hence only half of the
spin-flip processes are listed in table 1.
Non-negative transition rates are found for the region ABC in the parameter space
(δ, γ) as shown in figure 2. The line AB is γ = 1+δ and corresponds to zero temperature,
while the δ-axis corresponds to infinite temperature. The line OB is the KDH line
γ = 2δ, and as we move from O to B, the temperature drops from infinity to zero. The
line BC is δ = 1 where the diffusion process A∅ ←→ ∅A is completely suppressed. Since
the rate of diffusion D = α(1− δ), the particles or the kinks diffuse a distance ξ in time
τ , where
τ =
ξ2
D
=
ξ2
α(1− δ) . (29)
As we approach the zero temperature the detailed-balance condition implies, as can
be seen from equations (5) and (24), that γ ≈ (1 + δ)(1 − ξ−2/2). The parameter
δ independently depends on temperature, and along KDH line near zero temperature
δ ≈ 1 − ξ−2. Now near the point (δ, γ) = (1, 2) the most dominant process is the
pair-annihilation AA −→ ∅∅, and for times larger than the corresponding transient
time-scale the system reaches one of the many absorbing states of isolated particles.
The remaining slow processes can induce diffusion and, from equation (29), we get the
typical time needed to relax towards a state with domains of typical size ξ as τ ≈ ξ4 [6, 5].
The nature of these dynamical classes can be qualitatively understood by comparing
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δO
γ
A
C
B
G
D
Figure 2. The parameter space (δ, γ) of spin-flip transitions is confined to the domain
ABC; AB is T = 0 line, OB is KDH line, OG is Glauber line, BC is δ = 1, and OD
is γ = −2δ.
the transition rates of energy-conserving flips A∅ −→ ∅A with energy-costing flips
∅∅ −→ AA. For the KDH choice γ = 2δ, the rates for energy-conserving-flips and
for energy-costing-flips are the same ∼ ξ−2, hence a large number of absorbing states
are accessed, unlike the other near-equilibrium kinetic Ising classes with z = 2. The
number of absorbing states for large L is of the order ((1 +
√
5)/2)L [14], while there
are only two zero-temperature equilibrium states.
A similar analysis can be made in anti-ferromagnetic Ising chains for the choice
γ = −2δ. Along the line OD in figure 2 the staggered magnetisation can be exactly
evaluated. The relaxation time τs for such a configuration at low temperatures can
be easily estimated in the dual picture, and in ferromagnetic models τs ≈ ξ2, while in
anti-ferromagnetic models τs ≈ ξ4.
3.3. Global responses and correlations
We now evaluate the susceptibilities and fluctuations of total spin and three-spin. The
responses of the magnetisation and of total three-spin to a uniform time-dependent
magnetic field h(s) are defined as
R(t, s) :=
1
βL
∑
n
δ〈σn〉t
δh(s)
∣∣∣∣
h=0
, Q(t, s) :=
1
βL
∑
n
δ〈qn〉t
δh(s)
∣∣∣∣
h=0
. (30)
The fluctuations of the global spin and three-spin are described by
Cgfm (t) :=
1
L
∑
n
Cgfn,n+m(t) , C
gf(t) :=
1
L2
∑
m,n
Cgfm,n(t), (31)
where g and f are either σ or q, and the equal-time correlation functions are given by
Cσσm,n(t) := 〈σmσn〉t , Cqσm,n(t) := 〈qmσn〉t , Cqqm,n(t) := 〈qmqn〉t. (32)
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3.3.1. Response functions: The equations of motion for R(t, s) and Q(t, s) are obtained
from equations (11) and (30). They read
∂
∂t
R(t, s) = (2δ − 1)R(t, s)− δQ(t, s) (33)
for t > s, while for t = s it is
R(s, s) = 1− 2δCσσ1 (s) + δCσσ2 (s). (34)
Similarly, we obtain the equation of motion for Q(t, s) from equations (13) and (30) and
have for t > s
∂
∂t
Q(t, s) = 3δR(t, s)− 3Q(t, s), (35)
and for t = s the initial condition
Q(s, s) = δ + 2(1−δ)Cσσ1 (s) + (1−2δ)Cσσ2 (s) + 2δCσσ3 (s)− 2δCqσ2 (s). (36)
The equations (33, 35) are similar to (20), and we find
R(t, s) =
1
2∆
(
A−(s)e
−λ−(t−s) − A+(s)e−λ+(t−s)
)
, (37)
Q(t, s) =
1
2∆δ
(
α−A−(s)e
−λ−(t−s) − α+A+(s)e−λ+(t−s)
)
, (38)
where A∓(s) = α±R(s, s)−δQ(s, s) and α± are given in equation (22). The initial equal-
time responses R(s, s) and Q(s, s) depend on the functions Cgfm (s), but for the chosen
KDH dynamics, closed equations for them are unknown. In any case, the responses
R(t, s) and Q(t, s) should decay, at large times, as exp(−(t− s)/τ−).
Aspects of non-equilibrium relaxation can be explicitly studied for responses with
respect to the initial state, since closed expressions can be given for R(t, 0) and Q(t, 0).
We study three examples:
(i) Consider fully ordered initial states · · · ↑↑↑↑ · · · and · · · ↓↓↓↓ · · · at the critical
point δ = 1. Then both R(0, 0) = Q(0, 0) = 0 and these global responses
R(t, 0) = Q(t, 0) = 0 of the system will not react to a small perturbing external
field. Hence there is no perceptible equilibrium relaxation at criticality via global
observables for 1D KDH dynamics.
(ii) In order to study non-equilibrium relaxation, consider a fully disordered initial state
and quench at time t = 0 the control parameter to the value δ. Then R(0, 0) = 1
and Q(0, 0) = δ. For the limit δ → 1, we find R(t, 0) = 1. This indeed describes
a non-equilibrium relaxation, as may be seen by considering an initial state at
thermal equilibrium with temperature Tini > 0. Standard techniques [15] may be
used to calculate R(0, 0) and Q(0, 0) and we find that for δ = 1
R(t, 0) = (1− tanh η)3 + tanh η(1− tanh η)2 e−2t (39)
where we have set η := J/Tini. The stationary value of the response function
is distinct from the equilibrium value, which would only be reached if the limit
η →∞ were taken.
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(iii) In order to appreciate better the role of the initial state in non-equilibrium
relaxation, consider the initial ensemble made from the states · · · ↑↑↓↑↑↓↑↑↓ · · ·
and · · · ↓↓↑↓↓↑↓↓↑ · · · (with equal probability) and couple the system at the
initial time to a heat bath such that the control parameter has the value δ. Then
R(0, 0) = 1 + δ/3 and Q(0, 0) = −1 + 5δ. We find in the limit δ → 1 that
R(t, 0) = (4/3) exp(−2t) relaxes exponentially fast towards its equilibrium value.
For an interpretation in terms of dynamical scaling, we recall that the global
responses calculated here are actually the Fourier transforms, viz. R(t, s) =∫
R
dr e−iqrR(t, s; r, 0)
∣∣
q=0
of the space-time responses defined in the introduction, at
vanishing momentum q = 0. Hence from (2) we expect R(t, 0) = t(1−λR)/z
∫
R
du ΦR(u).
For t sufficiently large, this may be compared in particular with equation (39), and this
scaling interpretation suggests that
λR = 1. (40)
Provided that α+R(0, 0)− δQ(0, 0) 6= 0, this result is generic. The independence of the
initial state confirms the expected universality of the autoresponse exponent λR.
3.3.2. Correlation functions: The equations of motion for the global correlation func-
tions Cgfr (t) and C
gf(t) are explicitly obtained in the appendix, see eqs. (A8,A10,A12).
While in general a closed system of equations of motion cannot be found, it turns out
if the initial conditions Cgf(0) are of order O(1), then in the limit L → ∞ the global
correlators Cgf(t) satisfy the following closed set of linear equations
d
dt
 Cσσ(t)Cqσ(t)
Cqq(t)
 =
 4δ − 2 −2δ 03δ 2δ − 4 −δ
0 6δ −6

 Cσσ(t)Cqσ(t)
Cqq(t)
 . (41)
Upon resolving, we find the global spin-spin fluctuations to be
Cσσ(t) = B−e
−2λ−t +B0e
−(λ−+λ+)t +B+e
−2λ+t (42)
where λ± are given in (22) and
B∓ :=
1
4∆2
(
α2±C
σσ(0)− 2δα±Cqσ(0) + δ2Cqq(0)
)
, (43)
B0 := − 1
2∆2
(
α+α−C
σσ(0)− 2δ(1 + δ)Cqσ(0)− δ2Cqq(0)) . (44)
The explicit expressions for the other two correlation functions are
Cqσ(t) =
1
δ
(
α−B−e
−2λ−t + (1 + δ)B0e
−(λ−+λ+)t + α+B+e
−2λ+t
)
, (45)
Cqq(t) = 3
(
α−
α+
B−e
−2λ−t +B0e
−(λ−+λ+)t +
α+
α−
B+e
−2λ+t
)
. (46)
The global correlations at large times in general relax as exp(−2t/τ−). Since the leading
correction, coming form the non-global terms, to these correlations will be of order
O(t/L), the solution is valid for any time t < τ− in the large-L limit only for (B0, B±)
of order O(1).
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The two-time correlation functions of σn and qn variables for t ≥ s+ is denoted by
Cgfn,m(t, s)+ :=
∑
σ,eσ
gnf˜mP (σ, t|σ˜, s), (47)
where fn and gn are either σn or qn. These quantities have similar equations of motion
as those of one-point functions of σn and qn. For any time t the correlation functions
are defined as
Cgfn,m(t, s) =

Cgfn,m(t, s)+ for t ≥ s+
Cfgm,n(s, t)+ for t ≤ s−
〈gnfm〉s for t = s
(48)
The two-time correlation function of corresponding global quantities are defined by
Cgf(t, s) :=
1
L2
∑
m,n
Cgfn,m(t, s), (49)
and the equations of motion for t ≥ s+ are given by the following familiar set,
∂
∂t
(
Cσf (t, s)+
Cqf(t, s)+
)
=
(
2δ − 1 −δ
3δ −3
)(
Cσf (t, s)+
Cqf(t, s)+
)
. (50)
The general solution for these correlation functions in the regime t ≥ s+ is given by
Cσf (t, s) = Aσf (s)e−λ−(t+s) + Eσf (s)e−(λ−t+λ+s)
+ F σf (s)e−(λ+t+λ−s) +Bσf (s)e−λ+(t+s), (51)
Cqf(t, s) =
1
δ
α−
(
Aσf (s)e−λ−(t+s) + Eσf (s)e−(λ−t+λ+s)
)
+
1
δ
α+
(
F σf (s)e−(λ+t+λ−s) +Bσf (s)e−λ+(t+s)
)
, (52)
where Aσf (s), Bσf (s), Eσf (s), and F σf(s) are arbitrary functions of s. These functions
are fixed if we require that at t = s the two-time correlation functions become the
equal-time correlation functions as given in equations (42), (45), and (46). In fact, all
the arbitrary functions turn out to be independent of s, and are explicitly given by
Aσσ = B− , B
σσ = B+ , A
σq =
1
δ
α−B− , B
σq =
1
δ
α+B+ ,
Eσσ = F σσ =
1
2
B0 , E
σq =
1
2δ
α+B0 , F
σq =
1
2δ
α−B0. (53)
For these values, the expression for Cσq(t, s)+ in equation (51) coincides with that for
Cqσ(s, t)+ in equation (52), and hence the piecewise solution in t ≥ s extends to the
t ≤ s− region, too.
The equations of motion (50) for the two-time correlations are exact for periodic
boundary conditions. On the other hand, the system of equations (41) that describes
the equal-time correlations only holds true in the infinite-size limit L → ∞ only when
at least one the global correlators is much larger than of order O(1/L). Therefore, the
global correlations with the initial state are given by
Cσf (t, 0) =
1
2∆
(
Aσf− e
−λ−t − Aσf+ e−λ+t
)
(54)
Cqf(t, 0) =
1
2∆δ
(
α−A
σf
− e
−λ−t − α+Aσf+ e−λ+t
)
(55)
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where Aσf∓ = α±C
σf (0)− δCqf(0).
We now discuss the behaviour of the global two-time correlators for the same initial
states as discussed above for the response function.
(i) For the fully ordered initial states one obtains equilibrium relaxation at the static
critical point δ = 1. We have B− = B0 = 1 and B+ = 0 and find
Cσσ(t, s) = 1 +
1
2
(
e−2s + e−2t
)
(56)
such that one has an exponentially fast relaxation towards the global equilibrium
correlator Cσσeq = 1.
(ii) For a fully disordered state the equations of motion do not close and (41) are not
valid. However, the global correlator with the initial state may be read off from
(54) and we find Cσσ(t, 0) = 1/L. Similar results may be found for any initial
temperature Tini > 0.
(iii) For the partially ordered initial states · · · ↑↑↓↑↑↓↑↑↓ · · · and · · · ↓↓↑↓↓↑↓↓↑ · · · we
find at the critical point δ = 1 that B− = 1, B0 = −1/3 and B+ = 4/9. Hence
Cσσ(t, s) = 1− 1
6
(
e−2s + e−2t
)
+
4
9
e−2(t+s) (57)
which, again, relaxes exponentially towards equilibrium. For the global spin-spin
correlator with the initial state we find from (54)
Cσσ(t, 0) =
1
3
− 2
9
e−2t (58)
which is distinct from the formal s→ 0 limit of the two-time result (57).
For an interpretation in terms of the scaling form (1), recall that Cσσ(t, s) actually is
the Fourier transform
Cσσ(t, s) =
∫
R
dr e−iqrC(t, s; r, 0)
∣∣∣∣
q=0
= s−b+1/z
(
t
s
− 1
)1/z ∫
R
duFC
(
u,
t
s
)
(59)
and similarly, a correlation with respect to the initial state is interpreted via (2) as
Cσσ(t, 0) =
∫
R
dr e−iqrC(t, 0; r, 0)
∣∣∣∣
q=0
= t(1−λC )/z
∫
R
du ΦC(u) (60)
Comparing with the explicit result (58) for large times, we read off
λC = 1. (61)
If we could formally compare eqs. (57,59), we would find b = 1/z = 1/4, but since
(57) apparently describes a relaxation towards equilibrium, it is not clear whether the
non-equilibrium scaling form (59) is applicable in the present context.
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4. Conclusions
The exact study of one-dimensional kinetic Ising models may provide useful insight into
the slow relaxation behaviour of many-body systems with strongly interacting degrees
of freedom.‖ When considering the local spin-flip dynamics given by the rates (4), the
KDH line γ = 2δ is an interesting variant of the celebrated Glauber dynamics δ = 0 [1].
We have generalised the known exact results for the global magnetisation and the global
three-spin magnetisation [2, 4] and have shown how certain global two-time correlators
and certain global response functions (susceptibilities) may be found, when suitable
initial conditions are chosen.
Although the KDH dynamics does satisfy detailed balance, the dynamical behaviour
close to the critical point at zero temperature is different from the one found for Glauber
dynamics, since at T = 0 the number of stationary states grows exponentially with the
number L of lattice sites. This property might be seen as an analogy with the many
(meta-)stable states in glassy or kinetically constrained systems, such as the Frederikson-
Andersen model, see e.g. [17, 18], or in frustrated magnets, see e.g. [19, 20, 21]. In
particular, analysis of the critical slowing-down near criticality gives the KDH dynamical
exponent [2]
z = 4 (62)
in contrast to the result z = 2 of Glauber dynamics [1]. We studied the non-
equilibrium relaxation of KDH dynamics through the global two-time correlators and
responses. Although our results appear to be compatible with the usually admitted
scaling behaviour (2) and we have in this way identified some non-equilibrium exponents,
λC = λR = 1, (63)
further tests of non-equilibrium dynamical scaling in the KDH-Ising model are desirable.
The ageing exponent a could not be determined. Before accepting the formal conjecture
b = 1/z = 1/4, the applicability of the scaling form (1) needs to be checked, which
cannot be done from the present analytical results alone. These values of exponents
should be broadly independent of the precise form of the initial states, in agreement
with the expected universality. We observe that the values of λC = λR agree with what
is found for Glauber dynamics, while the conjectured value of b is different from the
Glauber dynamics result b = 0, see [9, 10, 11].
Since there is a duality mapping onto a diffusion-annihilation process, it would be
interesting to see how the results obtained here might bear on that system. In this
context, we remark that in a similar way as analysed in this paper, one can derive
closed systems of equations of motion for staggered quantities like Ms and Ts, but along
a different line γ = −2δ. This line can also be obtained from the line γ = 2δ via a
gauge transformation σn → (−1)nσn and γ → −γ, which is usually made use to relate
‖ In order to design new slowly relaxing nanosystems, with a view of possible applications to
information storage, the slow relaxation dynamics in real systems such as the single-chain magnet
[Mn2(saltmen)2Ni(pao)2(py)2](ClO4)2 has been explicitly compared to 1D Glauber dynamics [16].
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ferromagnetic and anti-ferromagnetic Ising models. Graphically, this can be illustrated
in figure 2, where the ‘anti-ferromagnetic’ case (−γ, δ) can be obtained by a reflection
about the γ = 0 line. Quantities such as Ms(t) have an immediate interpretation as the
total particle number in the dual diffusion-annihilation process.
Appendix: Equations of motion for global correlation functions
We derive the equations of motion for the correlation functions Cgfr (t) and C
gf(t) along
KDH line γ = 2δ. Here, we need not assume that Cgfr (t) = C
fg
r (t), although for r = 1, 2
it can be easily shown that Cσq1 (t) = C
qσ
1 (t) and C
σq
2 (t) = C
qσ
2 (t).
The equation of motion for Cσσr (t), for r 6= 0, is obtained from equation (15) and
reads
d
dt
Cσσr (t) = −2Cσσr (t) + 2δ
(
Cσσr−1(t) + C
σσ
r+1(t)
)− δ (Cσqr (t) + Cqσr (t)) . (A1)
For r = 0, we have Cσσ0 (t) = 1. The dynamic equation for C
σq
r (t), for r 6= 0,±1,
obtained from equation (16), is given by
d
dt
Cσqr (t) = − 4Cσqr (t) + 2δ
(
Cσσr−1(t) + C
σσ
r+1(t)
)− δ (Cσσr (t) + Cqqr (t))
+ δ
(
Cσqr−1(t) + C
σq
r+1(t)
)
+ δCσAr (t), (A2)
where CσAr (t) :=
∑
n〈σnAn+r〉/L. This is supplemented by
Cσq0 (t) = C
σσ
2 (t) , C
σq
±1(t) = C
σσ
1 (t). (A3)
The equation of motion for Cqqr (t), for r 6= 0,±1,±2, is obtained from equation (17)
and is given by
d
dt
Cqqr (t) = − 6Cqqr (t) + 2δ(Cqσr−1(t) + Cσqr−1(t)) + 2δ(Cqσr+1(t) + Cσqr+1(t))
− δ (Cqσr (t) + Cσqr (t)) + δ
(
CqAr (t) + C
Aq
r (t)
)
, (A4)
while that for Cqq2 (t) is obtained from equation (18) and reads
d
dt
Cqq2 (t) = − 4Cqq2 (t) + 4δCσσ1 (t) + 2δCσσ4 (t)− 2δCσq2 (t)
+ δ
(
CqA2 (t) + C
Aq
2 (t)
)
. (A5)
For r = 0, 1, we have
Cqq0 (t) = 1 , C
qq
1 (t) = C
σσ
3 (t). (A6)
The equations of motion for {Cσσr , Cqσr , Cqqr } are not closed as they also involve CAqr
terms. Hence explicit solutions can only be found via approximate methods, such as
mean-field theories or truncations.
However, one may obtain the equations of motion for the global correlation functions
Cgf(t). In the expansion
d
dt
Cσσ(t) =
1
L2
∑
n
∑
m6=n
d
dt
〈σnσm〉, (A7)
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upon substituting equation (15) and rewriting in terms of correlation functions, we
obtain
d
dt
Cσσ(t) = (4δ − 2)Cσσ(t)− 2δCqσ(t) + 2
L
(
1−2δCσσ1 (t)+δCσσ2 (t)
)
. (A8)
Similarly, in the expansion
d
dt
Cσq(t) =
1
L2
∑
n
∑
m6=n,n±1
d
dt
〈qmσn〉+ 1
L
(
d
dt
Cσq0 (t) + 2
d
dt
Cσq1 (t)
)
(A9)
upon using equations (16), (A3), and (A1), we find
d
dt
Cσq(t) = 3δCσσ(t) + (2δ − 4)Cσq(t)− δCqq(t)
+
2
L
(
δ + 2(1−δ)Cσσ1 (t) + (1−2δ)Cσσ2 (t) + 2δCσσ3 (t)− 2δCσq2 (t)
)
. (A10)
Finally, from the expansion
d
dt
Cqq(t) =
1
L2
∑
n
∑
m6=n,n±1,n±2
d
dt
〈qmqn〉+ 2
L
(
d
dt
Cqq1 (t) +
d
dt
Cqq2 (t)
)
(A11)
and upon using equations (17), (A6), (A5), and (A1), we obtain
d
dt
Cqq(t) = 6δCσq(t)− 6Cqq(t) (A12)
+
2
L
(
3− 2δCσσ1 (t)− δCσσ2 (t) + 4Cσσ3 (t) + 2δCσσ4 (t)
− 4δCσq2 (t)− 2δ(Cσq3 (t) + Cqσ3 (t)) + 2Cqq2 (t)
)
.
The equations of motion for {Cσσ, Cqσ, Cqq} also involve {Cσσ1 , Cσσ2 , Cσσ3 , Cσσ4 , Cσq2 , Cσq3 , Cqq2 }.
Although these equations are not closed in general, they sometimes do close in the ther-
modynamic limit, at least for certain initial conditions.
For example, in the case of a fully disordered initial state, Cgfr are of order
O(1/
√
L), while Cgf are of order O(1/L). Now the solutions Cgfr (t) will be of the
form fgfr (t) + g
gf
r (t)/
√
L. This set of functions {fgfr (t)} is needed to compute Cgf(t) to
order O(1/L), but for which no closed system of equations is known. On the other hand,
if we choose an initial state such that Cgf(0) = O(1), the limit L→∞ in equations (A8,
A10, A12) can be taken and the resulting closed system (41) may be solved explicitly,
as discussed in the main text.
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